Abstract-The two-dimensional ray tracing method allows an easy and fast modeling of tropospheric propagation in the microwave frequency range. A version of this method that determines ray trajectories, amplitudes and delays of the electromagnetic field, as well as the propagation loss in a two-dimensional inhomogeneous environment will be described. The implemented algorithm may consider generalized maps of modified refractivity (or refractive modulus), including not only the vertical gradients, but also their horizontal variations along the path between transmitter and receiver. Next, the present paper will discuss the results from the application of a model of evaporation duct height to data from instruments installed in sea buoys located along the Brazilian coast. Finally, the results from the application of the ray-tracing model to evaporation ducts will be presented, to analyze the propagation of microwave signals in the maritime environment. These results will also be compared with corresponding ones from the software Advanced Refractive Effects Prediction System 3.6, based on the numerical solution of a parabolic equation.
valid. In cases to be analyzed, it is necessary to consider the horizontal variations of the refractivity vertical profiles along the path between transmitter and receiver.
As an application of the ray-tracing model, this article will consider the propagation of radio waves in the presence of evaporation ducts, in particular those that occur near the sea surface. It will be seen that, over the oceans, evaporation ducts occur during high percentages of time [2] , due to a decrease with height of the partial pressure of water vapor from its saturation value at the sea surface. This behavior is responsible for sufficiently negative vertical gradients of the refractivity. There are mathematical models that use meteorological measurements performed in these environments to estimate the evaporation duct heights [3] . In this work, the Paulus-Jeske model [4] , [5] based on measurements of the sea surface and air temperatures, wind speed, relative humidity, and atmospheric pressure, was used with the immediately above purpose.
In section II, the main results of ray tracing theory will be presented and initially applied to a medium with a constant refractivity gradient (dN/dh) above the curved surface of the Earth. It will then be demonstrated that the results of this theory can be: (1) expressed in terms of ray tracing through a medium with a modified refractivity gradient (dM/dh) above a flattened Earth; and (2) generalized to consider horizontal variations of the modified refractivity vertical profile along the path between transmitter and receiver. In Section III, the two-dimensional modified refractivity maps available in the literature will be described. This section will also review the Paulus-Jeske model [4] , [5] that estimates the heights of evaporative ducts, as well as its application to measurements made by instruments installed in nine oceanographic buoys of the Programa Nacional de Boias (PNBOIA), located along the Brazilian coast. Section IV will show the results from the application of the raytracing model to the two-dimensional modified refractivity maps and to a scenario with an irregular ground characterized by a triangular obstacle. This section will also present and discuss results from the application of the developed model to simulate the propagation of radio waves in the presence of evaporation ducts, in comparisons with corresponding results from the software Advanced Refractive Effects Prediction System (AREPS 3.6) [6] , based on the numerical solution of a parabolic equation.
The conclusions of the paper will be presented in section V.
II.
RAY TRACING

A.
Curved Earth A two-dimensional (2D) environment with the troposphere (linear, isotropic, lossless and timeinvariant, without variations across the great circle containing the link) immediately above a curved Earth will be considered. Assuming a time-harmonic dependence exp(-it), the electric field along a ray can be represented by [7] E ⃗⃗ (r ,t)= e ⃗ (r )e ik 0 ζ(r )-iωt (1) where k0 = 2 is the free space wave number,  is the wavelength, and the geometric wave fronts are defined by surfaces with constant ζ(r ). In the equation below, r (s) is the position vector of a ray in function of its length s measured from the source. Therefore, the direction of the ray is given by (2) at any of its points.
The last equality in (2) results from the well-known eikonal equation and the orthogonality between s ̂ and the wave front at the same point. Combining the eikonal equation with expression (2), one has
Discrete versions of equations (2) and (3) can be used to determine the ray trajectories in generic 2D
media. The phase along the trajectory is determined from [7] dζ ds =ŝ•∇ζ=
The right-hand side of the above equation (optical path) is integrated along the trajectory. 
In these expressions, is the angle of the beam axis with the horizontal (elevation) at the receiver, is the elevation difference between two rays at the transmitter and δh is their height difference, measured along the radial that contains the origin and the receiver. 
B.
Flattened Earth Approximation The application of equation (3) to a 2D horizontally stratified medium provides the well-known result [7] [n(h) (1+
Where h is the height of the trajectory above the Earth's surface, a is its radius and the subscript o indicates values at the transmitter. It is observed that the format of equation (8) 
The right side of equation (9) was introduced to indicate that the following development will be performed for a medium with a modified refractivity that varies linearly with height (with gradient ). 
Remembering that a » h in the region of interest, replacing the right side of expression (9) 
Equations (4) and (7) describe the phase and amplitude of the electric field component that propagates in the medium already characterized along the path defined by equation (11) . 
III. MODIFIED REFRACTIVITY MAPS AND EVAPORATION DUCT HEIGHT MODEL
A.
Modified Refractivity Map Two maps of modified refractivity available in the literature [8] , [9] are reproduced in Vertical and horizontal M gradient maps were found by applying central differences to the values of the complete maps. However, the horizontal gradient in each element was neglected, since its value was on average 525 times smaller than the vertical gradient. Therefore, only the vertical gradient of M in each element was considered. 
B. Evaporation Ducts in the Brazilian Sea
Results from measurements carried out by meteorological instruments installed in nine oceanographic buoys of the Programa Nacional de Boias (PNBOIA) located along the Brazilian coast are available at https://www.marinha.mil.br/chm/data-do-goos-brasil/pnboia-map. The positions of the buoys are shown in Fig.4 . These data were accessed on February 4, 2018 and processed using the Paulus-Jeske model [4] , [5] , briefly described below. The former author analyzed several semi empirical models of evaporation ducts and propagation measurements performed by the latter [5] . The result from this analysis is a practical and well-accepted model that uses data from sensors located in oceanographic buoys or ships to estimate the evaporation duct height [4] . was developed from the conversion and adaptation of the original FORTRAN code described in [2] , [4] for MATLAB language. Two modifications were made to the original code: (1) the atmospheric pressure Po measured by the sensor installed on the buoy was used instead the standard value Poo = 1000 mbar; and (2) the reference height z1 = 3.7 m was used, according to the height of Brazilian buoy sensors, instead of the fixed value z1 = 6.0 m adopted by Paulus [4] . JANUARY  42  30  1  11  14  15  60  60  85  FEBRUARY  29  45  13  9  14  36  68  80  63  MARCH  60  63  42  0  27  28  61  74  51  APRIL  69  44  34  *  42  50  52  78  61  MAY  56  38  48  3  25  34  44  91  85  JUNE  44  27  23  1  0  18  31  76  50  JULY  46  17  21  2  17  39  28  65  93  AUGUST  37  19  28  2  29  *  60  90  98  SEPTEMBER  22  22  35  3  20  *  38  84  92  OCTOBER  22  20  21  2  17  7  42  97  80  NOVEMBER  27  34  21  4  18  12  9  96  94  DECEMBER  31  33  9  18  16  30  50  71  85  MONTHLY  MEAN  40  33  25  5  20  27  45  80 On the other hand, it is observed that, on average, the Itajaí humidities and wind speeds are smaller and more variable than those at Fortaleza. In some cases, the variability of the parameters occur simultaneously.
D. Evaporation Duct Behaviors at Two Different Buoys
These variabilities are mapped into the ones in the evaporation duct height. At both locations, it is observed that the evaporation duct height tend to increase when the humidity decreases.
Finally, comparing Fig. 7 and 8, one concludes that the difference between the average evaporation duct heights is caused by the significant difference between the air and sea temperatures of the two locations during the winter (July 2017) of the southern hemisphere. 
IV. NUMERICAL SIMULATIONS
A.
Regions with Horizontal Variations of ∇M
Initially, the element of each map described in section III.A that contains the transmitter is identified. The background of Fig. 9a displays the rectangular mesh that defines one such map. Then, the ray tracing procedure is performed on this element, based on equation (11) and their height differences at the desired distance used to estimate the central ray amplitude, through equation (7).
In addition to the ray tracing trajectory, the model determines the value of the Transfer Function H(f) of the channel defined by the transmitter (fixed) and each observation point at the desired frequency, considering the effects of multipath. That is, it calculates (12) considering the amplitude and phase of P rays that arrive at the observation point, determined as described above.
The propagation factor PF is defined by PF=H(f) and the path loss PL is represented by equation (13) [8] , the transmitting antenna was positioned at -10 km (10 km on land) and the receiving antenna at 50 km into the sea. Fourteen rays arrived at the receiving antenna. For the English Channel simulation [9] , the transmitting antenna was positioned at 0 km, the receiving antenna at 90 km and two rays were received.
Figs. 9a and 9b show the effects from ducts on ray tracing in the two regions. These effects allow
Beyond Line-of-Sight (B-LoS) communications (that is, beyond 32 km for the corresponding antenna heights, estimated with basis on the well-known approximation ℎ = √ 2 (√ℎ + √ℎ ), where is the effective Earth´s radius for a reference atmosphere). As shown in Fig.9b , the ray tracing model also identified: (1) shadow regions, such as the one limited by the range interval (120 km, 180 km) and altitudes less than 100 m; and (2) multipath regions, such as the one limited by the range and altitude intervals (140 km, 160 km) and (250 m, 300 m), respectively. Fig.10 shows that the path loss PL in the Canterbury [8] and English Channel [9] links are generally less than the free-space loss FSL.
Only for frequencies in the band (1.0 GHz, 2.0 GHz) does PL in the Canterbury [8] link slightly exceed the corresponding value of FSL. [8] , the transmitting antenna was positioned at -10 km (on land) and the receiving antenna at 50 km (into the sea); (b) for the English Channel region [9] , the transmitting antenna was positioned at 0 km and the receiving antenna at 90 km. All antennas are located 15 m above the ground or sea.
B. Transmitting and Receiving Antennas Inside an Evaporation Duct
In this section, the ray tracing model is applied to a simple 20-m high evaporation duct environment, with antennas 15 m above the sea surface (εr = 75 and σ = 5 S/m), using horizontal polarization and maximum range of 60 km. The left plot of Fig. 11 displays the assumed vertical profile of the modified refractivity. A grid of 1000 rays was traced from the transmitting antenna with equally-spaced initial elevations in the interval (-5°, +5°). These initial rays, displayed in the right plot of Fig.11 , were used to determine the two rays (direct and reflected at the sea surface) that reach each observation point, as explained in Section IV.A. Fig. 12 displays the ray-tracing predictions of the path loss PL dependence on range, for the frequencies 3 GHz, 5 GHz, and 10 GHz. The results are compared with the corresponding ones provided by the free-space model FSL and the AREPS 3.6 software [6] , which is based on a numerical solution of a parabolic equation. Note that the corresponding ray tracing and AREPS 3.6 results become increasingly closer together as the frequency increases. Differences similar to those observed in Fig. 12 can also be seen in Dahman et al. [10] , which compares ray tracing and Parabolic Equation Toolbox (PETOOLS) [11] propagation simulations for 1.5 GHz and 4.5 GHz and different ducts heights. Dinc and Akan [12] also used the AREPS software to observe that the confinement of transmitted power by evaporation ducts is more effective at higher frequencies (10.5 GHz, 15.0 GHz, and 20.0 GHz). Indeed, Fig. 12(c) shows that the path loss PL is smaller than the free-space loss FSL for all ranges greater than 20 km. This interval includes transmitter-receiver paths that would ordinarily be obstructed by the Earth´s curvature under reference atmospheric conditions. Thus, diffraction effects would increase the corresponding path losses beyond the free-space values [13] .
C. Transmitting and Receiving Antennas Above an Evaporation Duct
Next, the ray tracing model was applied to an evaporation duct environment characterized by an M profile with null gradient at the height of 20 m, as displayed in the left plot of Fig.13 . Both transmitting and receiving antennas (with 13° half-power beam width and horizontal polarization)
were located 35 m above the sea surface (εr = 75 and σ = 5S/m). by the free-space model FSL, the one combining FSL with diffraction effects due to the Earth´s curvature [13] , and the AREPS 3.6 software [6] . At 1 GHz, the results from the ray-tracing model and the AREPS 3.6 software are similar for ranges in the interval (1 km, 35 km). At 3 GHz, the results are similar for ranges in the interval (1 km, 73 km). Additionally, Fig.14(a) shows a difference between the predictions of the two models for the 1 GHz frequency: while the ray-tracing model predicts nearfree space propagation losses for distances less than 60 km, the AREPS 3.6 software foresees a transition from this regime to that of intermediate propagation losses between the FSL and FSL+Diffr curves. On the other hand, for the 3 GHz frequency, the two models agree with a regime of propagation losses always close to those of free space for distances less than 70 km, as shown by Fig. 14(b) . 
D. Irregular Terrain
The implemented ray-tracing algorithm also supports atmospheric environments above piecewise- shown in Fig. 15(a) . Then, to minimize difficulties in the calculation of the path loss PL for observation points near the top of triangular terrain (for ranges near 10 km), 30 additional rays were similarly traced in the interval (-0.05°, 0°), as shown in Fig. 15(b) . Combining these grids of initial rays, the algorithm was able to determine two received rays (direct and ground-reflected) at all observation points with ranges less than 10 km, which is the limit of geometric optics for the selected antenna heights. 
V. CONCLUSION
The results from the ray-tracing model obtained for the regions of Canterbury [8] and English Channel [9] have shown the importance of considering horizontal variations of the vertical profile of the modified refractivity for propagation predictions. Differences have been observed between the ray tracing and AREPS 3.6 results at 1 GHz. However, both models have always agreed that, in the presence of evaporation ducts, the field at great distances is more intense than the one predicted by the association of the free space loss with the additional attenuation due to the diffraction by the curvature of the Earth. Therefore, it may be interesting to further investigate the use of propagation in the presence of evaporation ducts for maritime communication applications.
Finally, it is important to note that the ray-tracing model can provide information on broadband channels in a natural and relatively easy way. Among the parameters that could be predicted by the model, one would list arrival and departure angles, channel transfer functions and impulse responses, as well as average delays and rms delay spreads.
